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What is mathematical reasoning?

What is a proof?



Is this a legit proof?

Proposition:
Start with any number.  
If the number is even, divide it by 2.  
If it is odd, multiply it by 3 and add 1.  
If you repeat this process, it will lead you to 4, 2, 1.

Proof:
Many people have tried this.  
No one came up with a counter-example.
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Collatz Conjecture



Is this a legit proof?

Proposition:

Proof:
Computer verified that there is no solution  
for numbers with < 500 digits.

 has no solution for .313(x3 + y3) = z3 x, y, z ∈ ℤ+



Is this a legit proof?

Proposition:

Proof:
Computer verified that there is no solution  
for numbers with < 500 digits.

 has no solution for .313(x3 + y3) = z3 x, y, z ∈ ℤ+



Is this a legit proof?
Proposition:
Given a solid ball in 3d space, 
there is no way to decompose it into a finite number of 
disjoint subsets, which can be put together to form two 
identical copies of the original ball.

Proof:
Obvious.



Is this a legit proof?

Given a solid ball in 3d space, 
there is a way to decompose it into a finite number of 
disjoint subsets, which can be put together to form two 
identical copies of the original ball.

Proof:
Uses group theory… Pieces are such weird scatterings  
of points that they have no meaningful "volume"…

Banach-Tarski Theorem:



Is this a legit proof?

Proposition:
.1 + 1 = 2

Proof:
This is obvious??!?



Is this a legit proof?

Proposition:
1 + 1 = 2.

Proof:
This is obvious!



The story of 4 color theorem

1852 Conjecture:
Any 2-d map of regions can be colored with 4 colors 
so that no two adjacent regions get the same color.



The story of 4 color theorem

1880: Alternate proof by Tait in Trans. Roy. Soc. Edinburgh

1890: Heawood finds a bug in Kempe’s proof

1891: Petersen finds a bug in Tait’s proof

1879: Proved by Kempe in American Journal of Mathematics
(was widely acclaimed)

1969: Heesch showed the statement could in principle  
be reduced to checking a large number of cases.

1976: Appel and Haken wrote massive amount of code 
to compute and check 1936 cases. 
(1200 hours of computer time)



The story of 4 color theorem

Much controversy at the time. Is this a proof?



The story of 4 color theorem

Much controversy at the time. Is this a proof?

Arguments against:

- maybe there is a bug in the code
- maybe there is a bug in the compiler
- maybe there is a bug in the hardware
- no "insight" is derived

1997: Simpler computer proof by  
          Robertson, Sanders, Seymour, Thomas



Understanding Good Old Regular Mathematics
(GORM)
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axioms = "obvious" truths

Mathematical reasoning:

logical deductions

new/deduced truth



Early example:  Euclidean geometry

1.  Any two points can be joined by exactly one line segment.

2.  Any line segment can be extended into one line.

3.  Given any point P and length r, there is a circle 
of radius r and center P.

4.  Any two right angles are congruent.

5.  If a line L intersects two lines M and N, and if the interior 
angles on one side of L add up to less than two right angles, 
then M and N intersect on that side of L.

5 AXIOMS

(Through a point not on a given straight line, at most one line  
can be drawn that never meets the given line.)
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"Every person is mortal. 
Aristotle is a person. 
Therefore,  
Aristotle is mortal."

 Over time serious issues emerged,    
and a foundational crisis began…



Problems with GORM



Problem 1:  What is "obvious" truth?

Can we agree on a set of axioms 
that all mathematical reasoning can build on?



1. Suppose   is rational.2
Then we can find  such that .a, b ∈ ℕ 2 = a/b

2. So , where  and  are not both even.2 = r/s r s
3. Then , and therefore .2 = r2/s2 2s2 = r2

4. Given this, we have  is even, which means  is even.r2 r
5. We can thus write  for some .r = 2t t ∈ ℕ
6. If  and , then ,2s2 = r2 r = 2t 2s2 = 4t2

and so .s2 = 2t2

7. Therefore  is even, which means  is even.s2 s

The square root of 2 is irrational.

8. Contradiction is reached.

Problem 1:  What is "obvious" truth?
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4a.  is even. Suppose  is odd.r2 r
4b. So there is a number  such that .t r = 2t + 1
4c. So .r2 = (2t + 1)2 = 4t2 + 4t + 1
4d. , which is odd.4t2 + 4t + 1 = 2(2t2 + 2t) + 1
4e. So  is odd.r2

4f. Contradiction is reached.

If the square of a number is even, then that number is also even.

Problem 1:  What is "obvious" truth?



4b1. Call a number  good if  or .r r = 2t r = 2t + 1
If , .r = 2t r + 1 = 2t + 1
If , .r = 2t + 1 r + 1 = 2t + 2 = 2(t + 1)
Either way,  is also good.r + 1

4b2.  is good since .1 1 = 0 + 1 = (0 ⋅ 2) + 1
4b3. Applying 4b1 repeatedly,  are all good.2,3,4,…

Every number is a multiple of 2 or one more than a multiple of 2.

Problem 1:  What is "obvious" truth?



Suppose that for every positive integer , there is a statement .n S(n)
If  is true and for all , ,S(1) n S(n) ⟹ S(n + 1)
then  is true for all .S(n) n ≥ 1

Axiom of induction

Problem 1:  What is "obvious" truth?

Can every mathematical theorem be derived from  
a set of agreed upon axioms? ?



Problem 1:  What is "obvious" truth?
Back to Euclid

Axiom 5:  Through a point not on a given straight line, at most one   
                 line can be drawn that never meets the given line.



Problem 1:  What is "obvious" truth?

A

C

B

Truth is relative to your interpretation.



Problem 2:  Infinity
Infinitely large (transfinite numbers)

Infinitely small (infinitesimals)



Problem 3:  Russell’s paradox

A naïve definition of a set breaks mathematics.



Problem 4:  The use of human language

Not precise, ambiguous.



Serious problems!  What is the solution?
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Mathematical model for mathematical reasoning

Mathematical reasoning:

How do you formally represent statements (that may be true or false)?

Which deduction rules are allowed? How are they formally represented? 

Which statements are "obviously" true? (What are the axioms?)?

"obvious" & deduced  
              truths

assumed truths new/deduced truths
logical 

deductions
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The Quest for FORM



Aristotle  ~384 BCE

His idea of logic:

- unambiguous statements

- deductive reasoning

- first principles approach



Euclid  ~325 BCE
Mathematical incarnation of Aristotelian logic



Gottfried Leibniz  1646

Envisioned an algebra/calculus for logic 
                              (computational propositional logic)

“Let us calculate, without further ado, to see who is right.”



George Boole  1815
Inventor of Propositional Calculus

Variables have value True/False (or 0/1).

¬(x ∧ y) = ¬x ∨ ¬y



Georg Cantor  1845
Father of Set Theory

The person who dared to tackle infinity head-on.



Gottlob Frege  1848
Lays the foundation for First Order Logic (predicate calculus).

Proposes axioms for set theory.

Spends 10 years writing two thick books about the system.

So for any set :     iff  .Y Y ∈ D Y ∉ Y
Setting :       iff  .Y = D D ∈ D D ∉ D
Inconsistency. Boom!”

“Consider the set of all sets that do not contain themselves.
.D = {set X : X ∉ X}
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Russell: "As I think about acts of integrity and grace, I 
realise that there is nothing in my knowledge to compare 
to Frege’s dedication to truth. His entire life’s work was on 
the verge of completion, much of his work had been 
ignored to the benefit of men infinitely less capable, his 
second volume was about to be published, and upon 
finding that his fundamental assumption was in error, he 
responded with intellectual pleasure, clearly submerging 
any feelings of disappointment. It was almost superhuman, 
and a telling indication of that of which men are capable if 
their dedication is to creative work and knowledge instead 
of cruder efforts to dominate and be known."



Bertrand Russell  1872



Alfred North Whitehead  1861
Principia Mathematica, Volume 2

Writing a proof like this is like writing a 
computer program in machine language.



David Hilbert  1862
Hilbert's Program
- A precise formal language manipulated according to well-defined rules.

- Completeness & Consistency:   
   A proof that for all statements , exactly one of  or  is provable. S S ¬S

- Entscheidungsproblem:   
   An algorithm for determining the truth of any statement.

Hilbert System
FOL deductive calculus   (FOL + deduction rules)

For us there is no ignorabimus, and in my opinion none whatever 
in natural science. In opposition to the foolish ignorabimus  
our slogan shall be "We must know - we will know." 



Kurt Gödel  1906
Completeness Theorem
Any statement that is a logical consequence of the axioms  
can in fact be deduced/proved in the Hilbert system.

Incompleteness Theorem
There will always be some true statement that you cannot prove.
(The axioms will never be good enough.)



Alan Turing  1912
Father of Computer Science

Finds a satisfactory definition for "algorithm".

Shows there is no algorithm for Entscheidungsproblem.





The Upshot:

You can rigorously formalize mathematical proofs.

There are limits to what can be proved.

Computer science is born. Computing revolution begins.

Computers elevate the significance of formal proofs.



One last story…



Lord Wacker von Wackenfels

(1550 - 1619)



Kepler Conjecture

The densest way to pack oranges is like this:

1611:     Kepler as a New Year’s present (!) for his patron, 
                 Lord Wacker von Wackenfels,  
                 wrote a paper with the following conjecture.



Kepler Conjecture
1611:     Kepler as a New Year’s present (!) for his patron, 
                 Lord Wacker von Wackenfels,  
                 wrote a paper with the following conjecture.

The densest way to pack spheres is like this:



Kepler Conjecture
2005: Pittsburgher Tom Hales submits 120 page proof in Annals of Math.

Plus code to solve 100,000 optimization problems (~2000 hrs compute time).

Annals recruited a team of 20 refs.
They worked for 4 years.
Some quit. Some retired. One died.
In the end, they gave up.

They said they were “99% sure” it was a proof.



Kepler Conjecture

Hales:  “I will code up a completely formal axiomatic 
              deductive proof, checkable by a computer.”

2004 - 2014:  Open source “Project Flyspeck”  

2015:  Hales and 21 collaborators publish 
            "A formal proof of the Kepler conjecture".



Computer-assisted proofs

Proof assistant softwares (e.g. HOL Light, Mizar, Coq, Isabelle, Agda) do 2 things:

1.  Check that a formal axiomatic deductive proof is valid.

2.  Help users code up such proofs.

Robbins Conjecture: (open for 63 years) 
All Robbins algebras are Boolean algebras.

Proof by automated theorem prover EQP.



Formally proved theorems
Fundamental Theorem of Calculus  (Harrison)

Fundamental Theorem of Algebra  (Milewski)

Prime Number Theorem  (Avigad @ CMU, et al.)

Gödel's Incompleteness Theorem (Shankar)

Jordan Curve Theorem (Hales)

Brouwer Fixed Point Theorem (Harrison)

Four Color Theorem (Gonthier)

Feit-Thompson Theorem (Gonthier)

Kepler Conjecture (Hales++)

…



What does this all mean for CS251?
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What is a proof in CS251?



start reasoning with 
mathematical objects

more absolute  
formalism

informal reasoning  
with real objects

GORM territory FORM

"formal" definitions, 
and deductions

Proof (CS251):
An argument, using precise definitions and logical reasoning, 
that convinces the reader that the assumptions  
lead to the desired conclusion.

What is a proof in CS251?
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An argument, using precise definitions and logical reasoning, 
that convinces the reader that the assumptions  
lead to the desired conclusion.

more absolute  
formalism



A proof is an argument that can withstand all criticisms 
from a highly caffeinated adversary (your TA).

What is a proof in CS251?



FORM and Computation
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More on this later...


