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This Chapter

input 
data

output 
data

"computer"

What is computation?

What is an algorithm?

How can we mathematically define them?



Last Time

A totally minimal (TM) programming language such that:

- it can simulate simple bytecode;
(and therefore Python, C, Java, SML, etc…)

- it is simple to define and reason about  
  mathematically rigorously.



Last Time
TM ≈ DFA + memory
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Last Time
TM ≈ finite set of very simple instructions  +  tape (memory)
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Last Time

Definition: A language  is decidable ifL ⊆ Σ*

- if ,   rejects .w ∉ L M w
- if ,   accepts ;w ∈ L M w

there is a TM  such that for all ,M w ∈ Σ*



- Move right (or left) until first  encountered⊔

Some TM subroutines and tricks

- Simulate big  with .Γ {0,1,⊔}

- Shift entire input string one cell to the right

- Convert input from  
                  to   x1x2x3…xn ⊔ x1 ⊔ x2 ⊔ x3… ⊔ xn

- "Mark" cells. If , extend it to  
                           .

Γ = {0,1,⊔}
Γ = {0,1,0∙,1∙, ⊔ }

- Copy a stretch of tape between two marked cells  
   into another marked section of the tape



Some TM subroutines and tricks
- Simulate a TM with 2 tapes and heads

- Implement basic data structures

- Simulate "random access memory"

- Simulate assembly language

...

You can prove this rigorously if you want to!!



Theorem: Any language that can be computed in

Python, Java, C, etc. can be decided by a TM.



You can describe a TM in 3 ways:N

Low-level description

Medium-level description

High-level description

State diagram

Describe the movement/behavior of the tape head

Code/pseudocode ,  algorithm(?)



C, Python, SML, etc.

Algorithm written in English

Machine Language

TM



1.  Is TM the right definition??

2.  Are there undecidable languages??
3.  What was Turing's motivation??

Regular languages

TM-decidable

EvenLength
...

isPrime

0n1n

...

?
computing device
Solvable with any=



Entscheidungsproblem (1928)

Is there a finitary procedure to determine the validity 
of a given mathematical statement?

(Mechanization of mathematics)

¬9x, y, z, n 2 N : (n � 3) ^ (xn + yn = zn)e.g.



What was Hilbert really asking for?

input 
data

output 
data

mathematical  
  statement

True or False

"computers" in  
early 20th century



What was Hilbert really asking for?

"Alright, let's define this thing mathematically."

input 
data

output 
data

mathematical  
  statement

True or False



Turing's thinking
- A (human) computer writes symbols on paper.
(can view the paper as a sequence of squares)

- No upper bound on the number of squares.

- Human can reliably distinguish finitely many shapes.

- Human observes one square at a time.

- Human has finitely many mental states.

- Human can change symbol,
              can change focus to neighboring square,

based on its state and the symbol it observes.

- Human acts deterministically.

- …



The beauty of the definition:

1. Simplicity

2. Generality



1. Simplicity

any reasonable definition of computation

(anyone who attempted to define computation  
 could accidentally hit a correct definition)

strong enough to capture computation the way TMs do.



2. Generality
"Clearly" captures what a human does given a set of instructions.

Church-Turing Thesis
The intuitive notion of "computable" is captured by 
functions computable by a Turing machine.

input 
data

output 
data

TM
input 
data

output 
data



What else did Turing do in his paper?

No!

Entscheidungsproblem (1928)
Is there a finitary procedure to determine the validity 
of a given mathematical statement?

(Mechanization of mathematics)

¬9x, y, z, n 2 N : (n � 3) ^ (xn + yn = zn)e.g.



Entscheidungsproblem

TM-decidable

isPrime

0n1n

.

..

Regular languages

EvenLength
...

Are there others??



What else did Turing do in his paper?
Universal Machine (one machine to rule them all)

Do we really need a separate  
(physical) machine for each task?

+ isPrime Sort DFA 
"|x| even?"



What else did Turing do in his paper?

input 
data

output 
data

input 
data

output 
data

A human is a universal machine

Universal Machine (one machine to rule them all)



What else did Turing do in his paper?

All can be encoded!
(e.g. think source code)

Universal Machine (one machine to rule them all)

+ isPrime Sort DFA 
"|x| even?"



What else did Turing do in his paper?

def foo(input):
    i = 0
    STATE 0: 
        letter = input[i];
        switch(letter):
           case ‘a’:  input[i] = ‘ ’; i++; go to STATE a;
           case ‘b’:  input[i] = ‘ ’; i++; go to STATE b;
           case ‘  ’:  input[i] = ‘ ’; i++; go to STATE rej;
    STATE a: 
        letter = input[i];
        switch(letter):
           case ‘a’:  input[i] = ‘ ’; i--;  go to STATE acc;
           case ‘b’:  input[i] = ‘ ’; i--;  go to STATE rej;
           case ‘  ’:  input[i] = ‘ ’; i--;  go to STATE rej;

hMi =

Universal Machine (one machine to rule them all)



What else did Turing do in his paper?

UNIVERSAL 
MACHINE

A  TM ih

x

output of TM 
on input x

this is a TM

Could you write a Python function that does this?

Yes!

Universal Machine (one machine to rule them all)



What else did Turing do in his paper?

This is exactly what an interpreter does.

Python 
Interpreter

x

output of foo.py 
on input x

foo.py

Universal Machine (one machine to rule them all)



Code is data!!



The positive side The negative side

Universal TM Self-referencing

(can feed a machine 
 its own code as input)

Undecidability

Code is data!!



1936



Perhaps Turing and others weren't ambitious enough!

Computation and Physics

computation universe and the 
laws of physics



Physics             Computation



Solvable by a TM

???

Solvable by any physical process



Church-Turing Thesis 2.0

What can be computed efficiently in this universe,  
by any physical process or device, can by computed 
efficiently by a TM.

Extended Physical Church-Turing Thesis

Any computational problem that can be solved by  
any physical process, can be solved by a (prob.) TM.

(Physical) Church-Turing Thesis:

This is not a theorem!N



Church-Turing Thesis 2.0

What can be computed efficiently in this universe,  
by any physical process or device, can by computed 
efficiently by a QM.

Extended Physical Church-Turing Thesis

Any computational problem that can be solved by  
any physical process, can be solved by a (prob.) TM.

(Physical) Church-Turing Thesis:

This is not a theorem!N



Grand unification/simplification of computation!!

TMs

All types of computation

Python 
Java,  C, …



Implications

(Can you come up with sensible laws of physics  
 that would allow it to compute any problem?)

(What is the simplest universe you can create that has  
the same computational capacity of our universe?)

Studying the power and limits of TMs

Studying the power and limits of our universe

1.

Computation in its full generality is everywhere.

Even in extremely simple systems!

2.

The universe may be a simulation.3.
(a philosophical musing)



Computation             Physics





What is the simplest universe you can create that has the 
same computational capacity of our universe?

A Final Musing



Conway’s Game of Life

Laws of physics
Loneliness:  live cell with fewer than 2 neigbors dies.

Overcrowding:  live cell with more than 3 neighbors dies.

Procreation:  dead cell with exactly 3 neighbors gets born.

Imagine an infinite  
2D grid.

Each cell can be  
dead or alive.



Conway’s Game of Life
Some Patterns

Periodic

Stable

Moving



Conway’s Game of Life

Can Game of Life simulate Game of Life??

Can Game of Life simulate any TM??

Can a TM simulate any instance of Game of Life??

Questions



NEXT WEEK

Undecidability

Turing's Legacy Continues


