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Limits of Computation 2: 
The Finite and Undecidable



Poll: Which ones are decidable?

ACCEPTSTM = {⟨M, x⟩ : M is a TM and x ∈ Σ *  s.t. x ∈ L(M)}

SELF-ACCEPTSTM = {⟨M⟩ : M is a TM s.t. ⟨M⟩ ∈ L(M)}

HALTSTM = {⟨M, x⟩ : M is a TM and x ∈ Σ *  s.t. M(x) halts}

SATTM = {⟨M⟩ : M is a TM s.t. M accepts some string}

NEQTM = {⟨M1, M2⟩ : M1, M2 are TMs s.t. L(M1) ≠ L(M2)}



Can we write an autograder?

return True on  
exactly same inputs?

True 
or 

False

Correct 
version

Student 
submission

isPrime.py

isPrime.py

(is NEQ decidable?)

Is there an algorithm (TM) that solves NEQ??

NEQTM = {⟨M1, M2⟩ : M1, M2 are TMs s.t. L(M1) ≠ L(M2)}



Can we write an autograder?

returns True 
when input is 251?

True 
or 

False

isPrime.py

251

ACCEPTSTM = {⟨M, x⟩ : M is a TM and x ∈ Σ* such that x ∈ L(M)}



Poll: Which ones are decidable?

ACCEPTS = {⟨M, x⟩ : M is a TM and x ∈ Σ* s.t. x ∈ L(M)}

SELF-ACCEPTS = {⟨M⟩ : M is a TM s.t. ⟨M⟩ ∈ L(M)}

HALTS = {⟨M, x⟩ : M is a TM and x ∈ Σ* s.t. M(x) halts}

SAT = {⟨M⟩ : M is a TM s.t. M accepts some string}

NEQ = {⟨M1, M2⟩ : M1, M2 are TMs s.t. L(M1) ≠ L(M2)}



Last time in 251



Given:
A set  of functions  

.
ℱ

f : X → {0,1}

Goal:
Construct a function   
different from each  .

fD
f ∈ ℱ

How:

,  
pick a unique input  , 
and make  .

∀f ∈ ℱ
x ∈ X

fD(x) ≠ f(x)

Condition needed:

|X | ≥ |ℱ | fD 1 0 1 0

0 0 1 0

1 1 1 0

1 0 0 0

1 0 1 1

Inputs
Fu

nc
tio

ns

ℱ

X

f1

f2

f3

f4

x1 x2 x3 x4



Diagonalization Lemma:
Let  be any set and let  be any set of functions  .X ℱ f : X → {0,1}
If ,  we can construct    not in .|X | ≥ |ℱ | fD : X → {0,1} ℱ

f xf

ℱ Xϕ

 fD 1 0 1 0

0 0 1 0 ...

ϕ( f1) ϕ( f2) ϕ( f3) ϕ( f4) ...

f1
f2
f3
f4
...

1 1 1 0 ...

1 0 0 0 ...

1 0 1 1 ...
... ... ... ...

...



Diagonalization Lemma:
Let  be any set and let  be any set of functions  .X ℱ f : X → {0,1}
If ,  we can construct    not in .|X | ≥ |ℱ | fD : X → {0,1} ℱ

This is called "diagonalization against ".ℱN

! Diagonalization produces an explicit   
outside .

fD
ℱ

You can pretty much view anything as a function.N

N The range need not be .{0,1}



Diagonalization Lemma:
Let  be any set and let  be any set of functions  , where .X ℱ f : X → Y |Y | ≥ 2
If ,  we can construct     not in .|X | ≥ |ℱ | fD : X → Y ℱ

This is called "diagonalization against ".ℱN

! Diagonalization produces an explicit   
outside .

fD
ℱ

You can pretty much view anything as a function.N

N The range need not be .{0,1}



Diagonalization Lemma:
Let  be any set and let  be any set of functions  , where .X ℱ f : X → Y |Y | ≥ 2
If ,  we can construct     not in .|X | ≥ |ℱ | fD : X → Y ℱ

          not in .|X | ≥ |ℱ | ⟹ ∃ fD : X → Y ℱSo

    not in      . ∃ fD : X → Y ℱ ⟹ |X | < |ℱ |i.e.

 = set of all functions  .F(X) f : X → {0,1}Definition:

For every set ,  X |X | < |F(X) | .Corollary (Cantor's Theorem):

,  so  is uncountable.|ℕ | < |F(ℕ) | F(ℕ)Corollary:

,  so  is uncountable.|Σ* | < |F(Σ*) | F(Σ*)Corollary:



= Encodable sets

Finite sets

Countable sets

|ℕ | = |ℤ | = |ℤ × ℤ | = |ℚ | = |Σ* |
= |Primes | = |Squares |

|F(ℕ) | = |F(ℤ) | = |F(ℚ) | = |F(Σ*) |

F(F(ℕ))

F(F(F(ℕ)))

...



All decision problems  f : Σ* → {0,1}
F(Σ*)

Decidable decision problems

?

uncountable
by Cantor's theorem

countable
because encodable

Encoding of a decidable decision problem   :f   ⟨M⟩ (where TM  solves  )M f



Decidable

All decision problems  f : Σ* → {0,1}
F(Σ*)



Decidable

All decision problems  f : Σ* → {0,1}
F(Σ*)

Too many problems/languages!

Most cannot be even communicated!
(beyond mathematical analysis)



Finitely describable problems

Decidable problems

(can be mathematically communicated/analysed)

?

Is there an explicit undecidable problem??



Limits of Computation:   
The Finite and Undecidable



Great Idea:
Diagonalizing against a set produces an explicit object 
not in that set.



Diagonalization against the set of all TMs:

f xf

ℱ Xϕ

 fD 1 0 1 0

0 0 1 0 ...

ϕ( f1) ϕ( f2) ϕ( f3) ϕ( f4) ...

f1
f2
f3
f4
...

1 1 1 0 ...

1 0 0 0 ...

1 0 1 1 ...
... ... ... ...

...



Diagonalization against the set of all TMs:
•  = set of all Turing machines    (mapping    to  ).ℱ M Σ* {0,1,∞}
• Need: |Σ* | ≥ |ℱ |

f xf

ℱ Xϕ

 fD 1 0 1 0

0 0 1 0 ...

ϕ( f1) ϕ( f2) ϕ( f3) ϕ( f4) ...

f1
f2
f3
f4
...

1 1 1 0 ...

1 0 0 0 ...

1 0 1 1 ...
... ... ... ...

...



Diagonalization against the set of all TMs:

M xM

ℱ Σ*ϕ

 fD 1 0 1 0

0 0 1 0 ...

ϕ( f1) ϕ( f2) ϕ( f3) ϕ( f4) ...

f1
f2
f3
f4
...

1 1 1 0 ...

1 0 0 0 ...

1 0 1 1 ...
... ... ... ...

...

•  = set of all Turing machines    (mapping    to  ).ℱ M Σ* {0,1,∞}
• Need: |Σ* | ≥ |ℱ |



Diagonalization against the set of all TMs:

M xM

ℱ Σ*ϕ

 fD 1 0 1 1

0 ∞ 1 0 ...

ϕ(M1) ϕ(M2) ϕ(M3) ϕ(M4) ...

M1

M2

M3

M4
...

1 1 1 ∞ ...

1 0 ∞ 0 ...

1 0 1 ∞ ...
... ... ... ...

...

•  = set of all Turing machines    (mapping    to  ).ℱ M Σ* {0,1,∞}
• Need: |Σ* | ≥ |ℱ |



Diagonalization against the set of all TMs:

M ⟨M⟩

ℱ Σ*Enc

 fD 1 0 1 1

0 ∞ 1 0 ...

⟨M1⟩ ⟨M2⟩ ⟨M3⟩ ⟨M4⟩ ...

M1

M2

M3

M4
...

1 1 1 ∞ ...

1 0 ∞ 0 ...

1 0 1 ...
... ... ... ...

...

∞

•  = set of all Turing machines    (mapping    to  ).ℱ M Σ* {0,1,∞}
• Need: |Σ* | ≥ |ℱ |



M ⟨M⟩

ℱ Σ*Enc

 fD 1 0 1 1

0 ∞ 1 0 ...

⟨M1⟩ ⟨M2⟩ ⟨M3⟩ ⟨M4⟩ ...

M1

M2

M3

M4
...

1 1 1 ∞ ...

1 0 ∞ 0 ...

1 0 1 ...
... ... ... ...

...

∞

Conclusions:

•  For every TM ,     .Mi fD(⟨Mi⟩) ≠ Mi(⟨Mi⟩)

•   corresponds to fD L = {  : ⟨M⟩ M(⟨M⟩) ∈ {0,∞}}   = {⟨M⟩ : ⟨M⟩ ∉ L(M)}

   is undecidable!fD



Theorem (1st Explicit Undecidable Language)

Theorem:    is undecidable.SELF-ACCEPTS



Theorem 2:  SELF-ACCEPTS is undecidable

Proof:

SELF-ACCEPTS = {⟨M⟩ : M is a TM s.t. ⟨M⟩ ∈ L(M)}

AFSOC SELF-ACCEPTS is decidable.

So  decider  that decides SELF-ACCEPTS.∃ MSA
Then we can construct  deciding :MSA SELF-ACCEPTS

def ( ):MSA ⟨M⟩
return not ( )MSA ⟨M⟩

But  is undecidable.SELF-ACCEPTS Contradiction.



Theorem 3:  ACCEPTS is undecidable

Proof:

ACCEPTS = {⟨M, x⟩ : M is a TM and x ∈ Σ *  s.t. x ∈ L(M)}

AFSOC ACCEPTS is decidable.

So  decider  that decides ACCEPTS.∃ MA
Then we can construct  deciding :MSA SELF-ACCEPTS

def ( ):MSA ⟨M⟩
return ( )MA ⟨M, ⟨M⟩⟩

But  is undecidable.SELF-ACCEPTS Contradiction.



Theorem 4 (Turing):  HALTS is undecidable

Proof:

HALTS = {⟨M, x⟩ : M is a TM and x ∈ Σ *  s.t. M(x) halts}

AFSOC HALTS is decidable. So  decider  that decides HALTS.∃ MH
Then we can construct  deciding :MA ACCEPTS

def ( ):MA ⟨M, x⟩
run ( )MH ⟨M, x⟩
if it rejects:  reject
else:

run M(x)
if it accepts:  accept
if it rejects:  reject



- Consider the following program:

def fermat():
    t = 3
    while (True):
        for n in range(3, t+1):
            for x in range(1, t+1):
                for y in range(1, t+1):
                    for z in range(1, t+1):
                        if (x**n + y**n == z**n): return (x, y, z, n)
        t += 1

Some consequences

- No guaranteed autograder program.

Does this program halt? 

- Program verification is hard!



Some consequences

numberToTest := 2; 
flag := 1; 
while flag = 1 do 
    flag := 0; 
    numberToTest := numberToTest + 2; 
    for p from 2 to numberToTest do 
        if IsPrime(p) and IsPrime(numberToTest−p) then 
            flag := 1; 
            break; 
        end if 
    end for 
end do

Does this program halt? 

- Consider the following program (written in MAPLE):

Goldbach 
Conjecture



Some consequences

- Reductions: show new problems are undecidable.

e.g.  Entscheidungsproblem,  Hilbert's 10th problem

- By Physical Church-Turing Thesis

we are proving the computational limits of our universe.



x

MA

Revisiting Reductions

- assume   solving ,∃ MB B
- construct  solving   (using  as a subroutine). MA A MB

y MB

We write  if you can do the following:A ≤ B



Revisiting Reductions

def fooB(input):
     # assume some code exists 
     # that solves problem B

def fooA(input):
     # some code that solves problem A
     # that makes calls to function fooB when needed
     fooB(some_other_input)

helper 
function

- assume   solving ,∃ MB B
- construct  solving   (using  as a subroutine). MA A MB

We write  if you can do the following:A ≤ B



Revisiting Reductions

from God import fooB

def fooA(input):
     # some code that solves problem A
     # that makes calls to function fooB when needed
     fooB(some_other_input)

To show :A ≤ B Give me the code for fooA.

- assume   solving ,∃ MB B
- construct  solving   (using  as a subroutine). MA A MB

We write  if you can do the following:A ≤ B



x

MA

Revisiting Reductions

- assume   solving ,∃ MB B
- construct  solving   (using  as a subroutine). MA A MB

y MB

We write  if you can do the following:A ≤ B

              decidable     decidableB ⟹ A
 undecidable     undecidableA ⟹ B

(with respect to decidability). is no harder than    A B:A ≤ B



Revisiting Reductions

If  ,  then  is undecidable.ACCEPTS ≤ B B

Proved:  .ACCEPTS ≤ HALTS

Expand the landscape of undecidable languages:

If  ,  then  is undecidable.HALTS ≤ B B

...

 is undecidable.ACCEPTS



Theorem 5:  HALTS  SAT≤
HALTS = {⟨M, x⟩ : M is a TM and x ∈ Σ *  s.t. M(x) halts}

SAT = {⟨M⟩ : M is a TM s.t. L(M) ≠ ∅}

hM,xi
<latexit sha1_base64="QOpOvtm0nYbGNQkMiN8/Vl9R9kU=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwISWpgq6k4MaNUME+oAllMr1ph04mYWYi1lD8FTcuFHHrf7jzb5y2WWjrgQtnzrmXufcECWdKO863tbC4tLyyWlgrrm9sbm3bO7sNFaeSQp3GPJatgCjgTEBdM82hlUggUcChGQyuxn7zHqRisbjTwwT8iPQECxkl2kgde9/jRPQ44JsT/IA9OXl07JJTdibA88TNSQnlqHXsL68b0zQCoSknSrVdJ9F+RqRmlMOo6KUKEkIHpAdtQwWJQPnZZPsRPjJKF4exNCU0nqi/JzISKTWMAtMZEd1Xs95Y/M9rpzq88DMmklSDoNOPwpRjHeNxFLjLJFDNh4YQKpnZFdM+kYRqE1jRhODOnjxPGpWye1qu3J6Vqpd5HAV0gA7RMXLROaqia1RDdUTRI3pGr+jNerJerHfrY9q6YOUze+gPrM8fNKuUaA==</latexit>

MHALTS

hM,xi
<latexit sha1_base64="QOpOvtm0nYbGNQkMiN8/Vl9R9kU=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwISWpgq6k4MaNUME+oAllMr1ph04mYWYi1lD8FTcuFHHrf7jzb5y2WWjrgQtnzrmXufcECWdKO863tbC4tLyyWlgrrm9sbm3bO7sNFaeSQp3GPJatgCjgTEBdM82hlUggUcChGQyuxn7zHqRisbjTwwT8iPQECxkl2kgde9/jRPQ44JsT/IA9OXl07JJTdibA88TNSQnlqHXsL68b0zQCoSknSrVdJ9F+RqRmlMOo6KUKEkIHpAdtQwWJQPnZZPsRPjJKF4exNCU0nqi/JzISKTWMAtMZEd1Xs95Y/M9rpzq88DMmklSDoNOPwpRjHeNxFLjLJFDNh4YQKpnZFdM+kYRqE1jRhODOnjxPGpWye1qu3J6Vqpd5HAV0gA7RMXLROaqia1RDdUTRI3pGr+jNerJerHfrY9q6YOUze+gPrM8fNKuUaA==</latexit>

hM 0i
<latexit sha1_base64="11Ki3pdHVII1ymzIfNawDG7TFSk=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1hEVyWpgq6k4MaNUMFeoAllMj1ph04mYWYiltBXceNCEbe+iDvfxmmahbb+MPDxn3M4Z/4g4Uxpx/m2VlbX1jc2S1vl7Z3dvX37oNJWcSoptGjMY9kNiALOBLQ00xy6iQQSBRw6wfhmVu88glQsFg96koAfkaFgIaNEG6tvVzxOxJADvjvFnsyxb1edmpMLL4NbQBUVavbtL28Q0zQCoSknSvVcJ9F+RqRmlMO07KUKEkLHZAg9g4JEoPwsv32KT4wzwGEszRMa5+7viYxESk2iwHRGRI/UYm1m/lfrpTq88jMmklSDoPNFYcqxjvEsCDxgEqjmEwOESmZuxXREJKHaxFU2IbiLX16Gdr3mntfq9xfVxnURRwkdoWN0hlx0iRroFjVRC1H0hJ7RK3qzptaL9W59zFtXrGLmEP2R9fkD8HWTtw==</latexit>

MHALTS

MSAT

hM 0i
<latexit sha1_base64="11Ki3pdHVII1ymzIfNawDG7TFSk=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1hEVyWpgq6k4MaNUMFeoAllMj1ph04mYWYiltBXceNCEbe+iDvfxmmahbb+MPDxn3M4Z/4g4Uxpx/m2VlbX1jc2S1vl7Z3dvX37oNJWcSoptGjMY9kNiALOBLQ00xy6iQQSBRw6wfhmVu88glQsFg96koAfkaFgIaNEG6tvVzxOxJADvjvFnsyxb1edmpMLL4NbQBUVavbtL28Q0zQCoSknSvVcJ9F+RqRmlMO07KUKEkLHZAg9g4JEoPwsv32KT4wzwGEszRMa5+7viYxESk2iwHRGRI/UYm1m/lfrpTq88jMmklSDoPNFYcqxjvEsCDxgEqjmEwOESmZuxXREJKHaxFU2IbiLX16Gdr3mntfq9xfVxnURRwkdoWN0hlx0iRroFjVRC1H0hJ7RK3qzptaL9W59zFtXrGLmEP2R9fkD8HWTtw==</latexit>

MSAT



Theorem 5:  HALTS  SAT≤

hM,xi
<latexit sha1_base64="QOpOvtm0nYbGNQkMiN8/Vl9R9kU=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwISWpgq6k4MaNUME+oAllMr1ph04mYWYi1lD8FTcuFHHrf7jzb5y2WWjrgQtnzrmXufcECWdKO863tbC4tLyyWlgrrm9sbm3bO7sNFaeSQp3GPJatgCjgTEBdM82hlUggUcChGQyuxn7zHqRisbjTwwT8iPQECxkl2kgde9/jRPQ44JsT/IA9OXl07JJTdibA88TNSQnlqHXsL68b0zQCoSknSrVdJ9F+RqRmlMOo6KUKEkIHpAdtQwWJQPnZZPsRPjJKF4exNCU0nqi/JzISKTWMAtMZEd1Xs95Y/M9rpzq88DMmklSDoNOPwpRjHeNxFLjLJFDNh4YQKpnZFdM+kYRqE1jRhODOnjxPGpWye1qu3J6Vqpd5HAV0gA7RMXLROaqia1RDdUTRI3pGr+jNerJerHfrY9q6YOUze+gPrM8fNKuUaA==</latexit>

hM 0i
<latexit sha1_base64="11Ki3pdHVII1ymzIfNawDG7TFSk=">AAAB+3icbZDLSsNAFIYnXmu9xbp0M1hEVyWpgq6k4MaNUMFeoAllMj1ph04mYWYiltBXceNCEbe+iDvfxmmahbb+MPDxn3M4Z/4g4Uxpx/m2VlbX1jc2S1vl7Z3dvX37oNJWcSoptGjMY9kNiALOBLQ00xy6iQQSBRw6wfhmVu88glQsFg96koAfkaFgIaNEG6tvVzxOxJADvjvFnsyxb1edmpMLL4NbQBUVavbtL28Q0zQCoSknSvVcJ9F+RqRmlMO07KUKEkLHZAg9g4JEoPwsv32KT4wzwGEszRMa5+7viYxESk2iwHRGRI/UYm1m/lfrpTq88jMmklSDoPNFYcqxjvEsCDxgEqjmEwOESmZuxXREJKHaxFU2IbiLX16Gdr3mntfq9xfVxnURRwkdoWN0hlx0iRroFjVRC1H0hJ7RK3qzptaL9W59zFtXrGLmEP2R9fkD8HWTtw==</latexit>

MHALTS

MSAT

def ( ):MHALTS ⟨M, x⟩

def :M′ (y)
run M(x)

return  MSAT(⟨M′ ⟩)

 haltsM(x)
 loopsM(x)

L(M′ ) ≠ ∅
L(M′ ) = ∅

accept



Theorem 6:  SAT  NEQ≤

hMi
<latexit sha1_base64="ybzGD/qo268AQsWw526YkTxXvhU=">AAAB+nicbZDLSsNAFIYnXmu9pbp0M1gEVyWpgq6k4MaNUMFeoAllMj1ph04mYWailNhHceNCEbc+iTvfxmmahbb+MPDxn3M4Z/4g4Uxpx/m2VlbX1jc2S1vl7Z3dvX27ctBWcSoptGjMY9kNiALOBLQ00xy6iQQSBRw6wfh6Vu88gFQsFvd6koAfkaFgIaNEG6tvVzxOxJADvsWezKlvV52akwsvg1tAFRVq9u0vbxDTNAKhKSdK9Vwn0X5GpGaUw7TspQoSQsdkCD2DgkSg/Cw/fYpPjDPAYSzNExrn7u+JjERKTaLAdEZEj9RibWb+V+ulOrz0MyaSVIOg80VhyrGO8SwHPGASqOYTA4RKZm7FdEQkodqkVTYhuItfXoZ2veae1ep359XGVRFHCR2hY3SKXHSBGugGNVELUfSIntErerOerBfr3fqYt65Yxcwh+iPr8weLwpOG</latexit>

MSAT

hM1,M2i
<latexit sha1_base64="VLWxcxMcZfMNDbenJEz+tR17qAs=">AAACAXicbVDLSsNAFL2pr1pfVTeCm8EiuJCSVEFXUnDjRqhgH9CEMJlO26GTSZiZCCXUjb/ixoUibv0Ld/6N0zQLbT1wL4dz7mXmniDmTGnb/rYKS8srq2vF9dLG5tb2Tnl3r6WiRBLaJBGPZCfAinImaFMzzWknlhSHAaftYHQ99dsPVCoWiXs9jqkX4oFgfUawNpJfPnA5FgNO0a3vnJpWQ67MBL9csat2BrRInJxUIEfDL3+5vYgkIRWacKxU17Fj7aVYakY4nZTcRNEYkxEe0K6hAodUeWl2wQQdG6WH+pE0JTTK1N8bKQ6VGoeBmQyxHqp5byr+53UT3b/0UibiRFNBZg/1E450hKZxoB6TlGg+NgQTycxfERliiYk2oZVMCM78yYukVas6Z9Xa3XmlfpXHUYRDOIITcOAC6nADDWgCgUd4hld4s56sF+vd+piNFqx8Zx/+wPr8AVexlYY=</latexit>

MNEQ

hMi
<latexit sha1_base64="ybzGD/qo268AQsWw526YkTxXvhU=">AAAB+nicbZDLSsNAFIYnXmu9pbp0M1gEVyWpgq6k4MaNUMFeoAllMj1ph04mYWailNhHceNCEbc+iTvfxmmahbb+MPDxn3M4Z/4g4Uxpx/m2VlbX1jc2S1vl7Z3dvX27ctBWcSoptGjMY9kNiALOBLQ00xy6iQQSBRw6wfh6Vu88gFQsFvd6koAfkaFgIaNEG6tvVzxOxJADvsWezKlvV52akwsvg1tAFRVq9u0vbxDTNAKhKSdK9Vwn0X5GpGaUw7TspQoSQsdkCD2DgkSg/Cw/fYpPjDPAYSzNExrn7u+JjERKTaLAdEZEj9RibWb+V+ulOrz0MyaSVIOg80VhyrGO8SwHPGASqOYTA4RKZm7FdEQkodqkVTYhuItfXoZ2veae1ep359XGVRFHCR2hY3SKXHSBGugGNVELUfSIntErerOerBfr3fqYt65Yxcwh+iPr8weLwpOG</latexit>

hM1,M2i
<latexit sha1_base64="VLWxcxMcZfMNDbenJEz+tR17qAs=">AAACAXicbVDLSsNAFL2pr1pfVTeCm8EiuJCSVEFXUnDjRqhgH9CEMJlO26GTSZiZCCXUjb/ixoUibv0Ld/6N0zQLbT1wL4dz7mXmniDmTGnb/rYKS8srq2vF9dLG5tb2Tnl3r6WiRBLaJBGPZCfAinImaFMzzWknlhSHAaftYHQ99dsPVCoWiXs9jqkX4oFgfUawNpJfPnA5FgNO0a3vnJpWQ67MBL9csat2BrRInJxUIEfDL3+5vYgkIRWacKxU17Fj7aVYakY4nZTcRNEYkxEe0K6hAodUeWl2wQQdG6WH+pE0JTTK1N8bKQ6VGoeBmQyxHqp5byr+53UT3b/0UibiRFNBZg/1E450hKZxoB6TlGg+NgQTycxfERliiYk2oZVMCM78yYukVas6Z9Xa3XmlfpXHUYRDOIITcOAC6nADDWgCgUd4hld4s56sF+vd+piNFqx8Zx/+wPr8AVexlYY=</latexit>

MSAT

MNEQ

SAT = {⟨M⟩ : M is a TM s.t. L(M) ≠ ∅}

NEQ = {⟨M1, M2⟩ : M1, M2 are TMs s.t. L(M1) ≠ L(M2)}



Theorem 6:  SAT  NEQ≤

hMi
<latexit sha1_base64="ybzGD/qo268AQsWw526YkTxXvhU=">AAAB+nicbZDLSsNAFIYnXmu9pbp0M1gEVyWpgq6k4MaNUMFeoAllMj1ph04mYWailNhHceNCEbc+iTvfxmmahbb+MPDxn3M4Z/4g4Uxpx/m2VlbX1jc2S1vl7Z3dvX27ctBWcSoptGjMY9kNiALOBLQ00xy6iQQSBRw6wfh6Vu88gFQsFvd6koAfkaFgIaNEG6tvVzxOxJADvsWezKlvV52akwsvg1tAFRVq9u0vbxDTNAKhKSdK9Vwn0X5GpGaUw7TspQoSQsdkCD2DgkSg/Cw/fYpPjDPAYSzNExrn7u+JjERKTaLAdEZEj9RibWb+V+ulOrz0MyaSVIOg80VhyrGO8SwHPGASqOYTA4RKZm7FdEQkodqkVTYhuItfXoZ2veae1ep359XGVRFHCR2hY3SKXHSBGugGNVELUfSIntErerOerBfr3fqYt65Yxcwh+iPr8weLwpOG</latexit>

hM1,M2i
<latexit sha1_base64="VLWxcxMcZfMNDbenJEz+tR17qAs=">AAACAXicbVDLSsNAFL2pr1pfVTeCm8EiuJCSVEFXUnDjRqhgH9CEMJlO26GTSZiZCCXUjb/ixoUibv0Ld/6N0zQLbT1wL4dz7mXmniDmTGnb/rYKS8srq2vF9dLG5tb2Tnl3r6WiRBLaJBGPZCfAinImaFMzzWknlhSHAaftYHQ99dsPVCoWiXs9jqkX4oFgfUawNpJfPnA5FgNO0a3vnJpWQ67MBL9csat2BrRInJxUIEfDL3+5vYgkIRWacKxU17Fj7aVYakY4nZTcRNEYkxEe0K6hAodUeWl2wQQdG6WH+pE0JTTK1N8bKQ6VGoeBmQyxHqp5byr+53UT3b/0UibiRFNBZg/1E450hKZxoB6TlGg+NgQTycxfERliiYk2oZVMCM78yYukVas6Z9Xa3XmlfpXHUYRDOIITcOAC6nADDWgCgUd4hld4s56sF+vd+piNFqx8Zx/+wPr8AVexlYY=</latexit>

MSAT

MNEQ

def ( ):MSAT ⟨M⟩

def :M2(x)
reject

return  MNEQ(⟨M, M2⟩)

L(M) ≠ ∅ L(M1) ≠ L(M2)
L(M) = ∅ L(M1) = L(M2)

L(M2) = ∅



Summary

Diagonalize against the set of all decidable languages:
 is undecidable.SELF-ACCEPTS

 SELF-ACCEPTS  ≤ SELF-ACCEPTS  ≤ ACCEPTS

 ≤ HALTS  ≤ SAT  ≤ NEQ


